Neutral B meson mixing matrix elements and B meson decay constants are calculated. Static approximation is used for b quark and domain-wall fermion formalism is employed for light quarks. The calculations are carried out on 2 + 1 flavor dynamical ensembles generated by RBC/UKQCD Collaborations with lattice spacings 0.086 fm (a −1 ∼ 2.3 GeV) and 0.11 fm (1.7 GeV), and a fixed physical spatial volume of about (2.7 fm)
I. INTRODUCTION
Standard Model (SM) of elementary particles is consistent with all experimental data, so far. The SM, however, does not still satisfy us, because it cannot answer some of our basic questions, such as the reason why the gauge group, constituents of particles and number of generation in the model are chosen as they are, hierarchical unnaturalness in mass scales between three generation of fermions, and so on. While the existence of Higgs boson has been experimentally confirmed at Large Hadron Collider (LHC), expected new particles have not been discovered as yet. Thus bottom-up approaches toward physics beyond Standard Model (BSM) is becoming more and more important. In order to address BSM, precision tests for SM are highly meaningful. Combining theoretical predictions with the experimental results, it would be possible to obtain hints for the BSM. In such an attempt, the Cabibbo-Kobayashi-Maskawa (CKM) quark mixing matrix elements [1] play a crucial role to check the consistency of the SM.
In the SM, the transition of neutral B (B s ) meson to its anti-meson occurs via box diagrams involving exchange of two W -bosons and this amplitude would provide a clean determination for the matrix elements V td and V ts assuming V tb is known. In the SM framework, dominant contribution to the mass difference of the neutral B meson mass eigenstates is related with the CKM matrix elements by
where q = {d, s}. In Eq.
(1), both the Inami-Lim function S 0 (x t ) (x t = m 2 t /m 2 W ) [2] and the QCD coefficient η B can be calculated perturbatively.M Bq is a renormalization group invariant (RGI) ∆B = 2 four-fermion operator matrix element in an effective Hamiltonian of the box diagram at low-energy scale. The mixing matrix elementM Bq is a highly nonperturbative quantity, thus current possible way to access is only via numerical simulations using lattice QCD. By taking a ratio [3] of Eq. 1 between q = d and s, we obtain
where ξ is called SU(3) braking ratio
The ratio constrains the apex of the CKM unitary triangle and new quark-flavor-changing interactions from BSM would affect this quantity. In the ratio many uncertainties get canceled and precise determination of ξ would lead to a tight constraint on the CKM unitary triangle and hints for BSM physics as inconsistency of the unitary triangle in the SM. Lattice QCD simulations including b quark are, however, quite challenging, because of the large scale difference between light quarks (u and d) and b quark. While fine lattice spacings are needed to correctly treat b quark, the large volume is required to accommodate pion dynamics. Such a situation is difficult to achieve with the current computational ability. Heavy Quark Effective Theory (HQET) provides one realistic solution to this problem. In this formulation, the heavy (b) quark dynamics is integrated out and we may only treat the dynamics associated with light quarks. The theory is described by systematic expansion of inverse of heavy quark mass m Q . First attempt in this direction was carried out by Eichten and Hill [4, 5] , in which they used static approximation (leading order of heavy quark mass expansion) and, for the static quark, they employed a standard static action. Soon after that attempt, however, it turned out that this approach leads to a poor signal-tonoise ratio (S/N) in correlation functions, because the static self-energy contains a notorious 1/a power divergence. (On the other hand, in Non-Relativistic QCD (NRQCD), another effective theory approach, the power divergence tends to be cancelled [6] .) This situation has been significantly improved since ALPHA Collaboration introduced link smearing technique in the static action, which partly cured the difficulty [7, 8] .
In this paper, we calculate B meson decay constants and neutral B meson mixing matrix elements using the static approximation. The static approximation always has O(Λ QCD /m b ) ∼ O(10%) uncertainty, since physical b quark mass is not infinite. For SU(3) breaking ratios like ξ or the ratio of B meson decay constants, however, the uncertainty coming from the static approximation is down to around 2% level. This means the static limit could be especially good approximation compared with other lattice approaches that take into account b quark mass dependence for such ratios. To reduce the O(Λ QCD /m b ) uncertainty in the HQET approach, higher order operators in the 1/m Q expansion need to be included. Taking into account these contributions requires nonperturbative matching with continuum using e.g. Schrödinger functional scheme with step scaling technique [10] , which requires considerable effort. Instead, we stay in static limit assuming that the results can be valuable for interpolation to physical b quark mass combining with lighter quark mass simulations, for which high precision calculation is significantly important. (We discuss the meaning of calculations at the static limit in Sec. II.) This work is a first step toward the precise determination of B physics quantities in the static limit. This paper is organized as follows. In Sec. II, we discuss the meaning of the calculations at the static limit as an anchor point in the study of heavy quark physics. In Sec. III, we summarise the physical observables both in QCD full theory and HQET side, which we address for the study of neutral B meson mixing phenomena. In Sec. IV, the definition of lattice actions and the gluon ensembles that we use in this study are explained. In Sec. V, we describe the matching procedure between QCD full theory and HQET in continuum, as well as between continuum and lattice in HQET. The HQET matching is carried out by one-loop perturbation including O(a) lattice errors. In Sec. VI, details of the measurement, correlator fits and formula for constructing physical quantities are shown. In Sec. VII, chiral and continuum extrapolation formula (SU(2)χPT) are summarized and we show the fit results. In Sec. VIII, we present the estimation of the systematic uncertainties and summarize it in Tab. XII. Finally, we present final results, compare them with other works and discuss future direction of this project in Sec. IX.
II. STATIC LIMIT AS A STRONG ANCHOR POINT
We employ the static approximation as b quark treatment in this study. As discussed earlier, this approximation suffers from uncertainty of O(10%) for a primary quantity or O(2%) for a flavor SU(3) breaking ratio at the physical b quark mass, which is heavy but finite. The physical value of the approximation will eventually get lost as one aims higher and higher precision. The results at the static limit is, however, valuable as an anchor point when combined with simulations in lower quark mass region. In this section we clarify the meaning of our calculations at the static limit.
We consider a heavy quark expansion of some heavylight quantity Φ hl , which has a finite asymptotic limit as m Q → ∞,
where m Q is a heavy quark mass, which is heavier than the QCD scale Λ QCD . Equivalently, the expansion is written as
using some "anchor" point m QA . (In Eq. 4 the static limit m Q → ∞ is regarded as an anchor point.) Our task is to determine the expansion coefficients γ p and the overall factor Φ hl (1/m QA ) to reach a physical b quark point. There are several ways to the determination:
(i) HQET approach: The anchor point is static limit m Q → ∞. To treat the heavy quark expansion from the static limit, the HQET is employed. In addition to terms in the heavy quark action and operators at the leading order of the expansion (static approximation), those at O(1/m Q ) are included. To keep the theory renormalizable, the Boltzmann factor for the heavy quark is expanded in 1/m Q , making operator insertions in the expectation value evaluated with the static action. The HQET must be matched with the original full theory. An important point is that the matching beyond static approximation cannot be carried out perturbatively, because of the existence of 1/a power divergence in the HQET [9, 10] .
(ii) Relativistic approach: The anchor point sits in lower mass region, typically c quark mass region. The usual relativistic formulations can be applicable in that region, while relatively finer lattices are required.
(iii) Combination of (i) and (ii) above: The anchor point is the static limit, while γ p s are explored by using usual relativistic formulations in lower quark mass region, i.e., c quark region. (For example, Ref. [11] .) Procedure (i) has been used by ALPHA Collaboration, in which nonperturbative matching with QCD full theory can be implemented by the step scaling strategy with Shcrödinger functional scheme [10] . (See Ref. [12] for their recent achievements.) In the procedure (ii), relatively finer lattices with regular size of volume are required. However, the lattices to treat c quark are currently becoming available and the approach (ii) is becoming feasible. A recent sophisticated implementation in this direction is "ratio method" [13] by ETM Collaboration, which may be a viable option. In this method, ratios of physical quantities at some heavy quark mass point m Q and m Q /λ with a scale parameter λ > 1, are considered to separate Φ hl (1/m QA ) and γ p s in the determination:
which enhances the precision of the γ p s. (See Ref. [14] for their recent achievements.) A combination of the ratio method and the static limit as an anchor point would also be beneficial, which belongs to the category (iii). In this sense, the static limit is not only of theoretical interest, but also a valuable anchor point to explore physics at physical b quark point. The fact that "the static limit is close to the physical b quark mass in terms of 1/m Q " ensures usefulness of the static limit as a "strong" anchor point.
III. PHYSICAL OBSERVABLES
A. Observables in QCD full theory
Our main aim in this paper is to calculate the CKM matrix elements V td and V ts to give constraints on the CKM unitary triangle. The current accuracy of the mass difference (1) from experiment is less than 1%, thus precise determination of the hadronic matrix element M Bq would give strong constraints on the CKM matrix elements. We here summarize current world average values related with neutral B meson mixing, which are quoted from Particle Data Group (PDG) [15] : 
Thus, the ratio of the CKM matrix elements (2) reads
which indicates the determination of ξ with high accuracy would yield precise value of the ratio. The ∆B = 2 mixing matrix element at a scale µ b in the effective Hamiltonian is represented by
where b and q represent b quark and light (d or s) quark fields, respectively. In Eq. (13), we put a superscript and a subscript "full" to indicate that the theory considered here is not HQET, but rather QCD full theory. In this paper, the standard PDG notation for the quark content of B meson is used; B = (bq) and B = (bq). The matrix element is conventionally parametrized as
so that B Bq = 1 when vacuum saturation approximation (VSA) exactly holds, where B Bq depicts a dimensionless hadronic B-parameter and f Bq denotes B q meson decay constant defined by
with four-momentum of B q meson p µ . RGI definition of the B-parametersB Bq is obtained from B-parameters in some scheme and at some scale µ b by:
at next-to-leading order (NLO), where Z 5 in naive dimensional regularization (NDR) with the modified minimal subtraction (MS) scheme is written as [16] Z n f = γ
with
In this study we use α s (µ b ) = 0.2265 obtained from strong coupling at Z boson mass scale α s (m Z = 91.1876(21) GeV) = 0.1185(6) [15] using renormalization group (RG) evolution (four-loop [17, 18] ) with n f = 5. Eq. (16) thus becomesB Bq = 1.516 × B Bq (µ b ).
One of the focal point of this paper is SU(3) breaking ratio (3), which should be unity in the SU(3) light flavor symmetric case. In this ratio most of the theoretical uncertainties as well as statistical fluctuations are largely cancelled out. Using the parametrization of the matrix element (14) , the SU(3) breaking ratio is represented as
Because B-parameters are based on VSA by definition and there is a suppression factor due to SU(3) light flavor symmetry, the ratio of B-parameters in Eq. (20) could be close to one and a large fraction of the SU(3) breaking of ξ likely to reside in the ratio of B meson decay constants.
B. Observables in static limit
We regard the b quark as a heavy quark and give it an on-shell velocity v µ = (1, 0, 0, 0), which leads to an onshell momentum p µ = (m b , 0, 0, 0). Heavy quark field h is introduced as a sum of heavy quark h + and anti-heavy quark h − :
through
where b is a usual relativistic quark field. In the static limit, the B meson decay constant and the hadronic matrix element behave like f Bq ∝ 1/ √ m Bq and M Bq ∝ m Bq , respectively. Therefore it would be useful to introduce quantities:
so that they behave as constants in the static limit.
Hadron states in the HQET are labeled by v µ and a residual momentum k µ , which satisfies v · k = 0. They are defined in the static limit and differ from those of the QCD full theory:
so that the HQET state normalization becomes
Using the HQET state, Φ Bq in Eq. (23) is simply written as
For M Bq , we need two kinds of matrix element:
owing to lack of four-dimensional Euclidean rotational symmetry in the static limit. As a consequence, operators (27) and (28) have mixings. In the following, B meson states |B q and operators represent those in the static limit of b quark unless stated otherwise.
IV. LATTICE ACTIONS AND GLUON ENSEMBLES
A. Lattice action
We perform lattice simulations in HQET side, where lattice action comprises three pieces:
where S static is the static quark action representing the heavy (b) quark, S DWF is the domain-wall fermion (DWF) action describing the light (u, d, s) quarks and S gluon is the gluon action.
Standard static heavy quark action with link smearing
The standard static quark action [5] is given by
The lattice derivatives used here are not symmetric for each heavy and anti-heavy quark, thus fermion doublers do not arise. The form of the action is technically the same as the Wilson quark action with volume reduction into one dimension (time direction). Therefore it has a Wilson term, which decouples from any low-energy physics in the continuum limit and explicitly breaks the chiral symmetry at finite lattice spacing. This action suffers from huge 1/a power divergences, which results in tremendous noise in correlators. The solution to this problem is to introduce link smearing aiming at a reduction of the power divergences [8] . The modification is simply to replace link variables U 0 (x) with 3-step hypercubic blocked [19] ones V 0 (x), which is defined by
where Proj SU(3) denotes an SU(3) projection and (α 1 , α 2 , α 3 ) are hyper-cubic blocking parameters [19] .
(α 1 , α 2 , α 3 ) = (0, 0, 0) corresponds to unsmeared link (V µ = U µ ). We use two parameter choices in this work:
(α 1 , α 2 , α 3 ) = (0.75, 0.6, 0.3) : HYP1 [19] (1.0, 1.0, 0.5) : HYP2 [8] . (34) 2. Domain-wall fermion action
The DWF action [20] [21] [22] is described by
where ψ s (x) are 4+1-dimensional fermion fields. The fifth dimension extends from 1 to L s and is labeled by the indices s and s ′ . The domain-wall height (fifth dimensional mass) M 5 is a parameter of the theory which can be set between 0 < M 5 < 2. We use a setting of M 5 = 1.8. The physical four-dimensional quark field q(x) is constructed from the fields ψ s (x) at s = 1 and L s :
where P L and P R are left and right chirality projectors:
. In infinite L s limit, the right and left-handed modes are decoupled and chiral symmetry is exactly restored. The presence of the chiral symmetry plays a crucial role for reducing unphysical operator mixing. Note that the DWF is automatically O(a) improved [23] .
Gluon action
We consider a class of RG-improved gluon actions in this study:
where g 0 denotes the bare lattice coupling, U P and U R are the path-ordered product of links along a 1 × 1 plaquette P and the path-ordered product of links along a 1 × 2 rectangle R, respectively. Our choice of the parameter c 1 is −0.331 (Iwasaki gluon action) [24, 25] .
B. Gluon ensembles
We use 2 + 1 flavor dynamical DWF gluon configurations generated by RBC and UKQCD Collaborations [26] . A summary of the ensembles used in this work is listed in Tab. I. Two lattice spacings a ∼ 0.114 [fm] and 0.0864 [fm] are used to take a continuum limit. We label the coarser and finer lattices as "24c" and "32c", respectively, representing their lattice sizes. The physical box size is set to be modest, which is around 2.75 [fm] . The size of the fifth dimension is L s = 16 making the chiral symmetry breaking quite small with residual masses m res ≃ 0.003 and 0.0007 for 24c and 32c, respectively. Degenerate u and d quark mass parameters are chosen so that the simulation covers the pion mass range of 290-420 [MeV] . The smallest value of m π L is 4.06, which implies finite volume effect would be small at simulation points. Only one sea s quark mass parameter is taken in our lattice ensemble for both lattice spacings, which is larger than the physical s quark mass by a small amount. As we will explain in Sec. VII, we basically use SU(2) chiral fit functions assuming sea s quark mass sits on physical point, while the actual sea s quark mass in this simulation is not physical one. The uncertainty from this inconsistency is estimated by the partially quenched SU(3) chiral perturbation theory as explained in Sec. VIII and turns out to be less than 1%. For a valence s quark, we make measurements with two s quark mass parameters sandwiching the physical s quark mass and make an interpolation.
V. MATCHING
In this work, we adopt a two step matching: the first is a matching between QCD full theory and HQET in the continuum, the second is a matching between the continuum and the lattice in HQET. The matching is carried out by one-loop perturbative calculation. Here we summarize key points of the matching.
• The full theory operators in the continuum are renormalized in MS(NDR) scheme at µ b = m b , b [27] .
• The HQET operators in the continuum are also renormalized in MS(NDR) scheme at some scale µ.
• Matching operators between full theory and HQET in the continuum is carried out by perturbatively calculating matrix elements of the operators in both theories and comparing them.
• The matching above is performed at scale µ = m b to avoid a large logarithm of µ/m b . We then use renormalization group running in the HQET to go down to a lower scale.
• The HQET operators with the lattice regularization are calculated using a DWF formalism for light quarks to maintain good chiral symmetry, which is important to control the operator mixing.
• Matching HQET operators between continuum and lattice is perturbatively carried out at a lattice cutoff scale µ = a −1 , where a denotes a lattice spacing.
• In the perturbative matching, we introduce a fictitious gluon mass to regulate IR divergences. The structure of the IR divergences should be the same between the continuum and the lattice theories, otherwise they cannot be matched to each other.
• In the matching of HQET operators between continuum and lattice, O(a) discretization errors are taken into account. We employ on-shell O(a) improvement program, in which we impose the equation of motion on the external heavy and light quark lines. In the improvement, we include both O(pa) and O(ma) contributions, where p and m denote light quark momentum and mass, respectively.
• The theory with static approximation of the heavy quark is renormalizable and perturbative renormalization is justified; though this is impossible once O(1/m Q ) correction is included, in which case nonperturbative subtraction of the 1/a power divergence is necessary [9, 10] . ) uncertainty at kth-loop perturbation by mixing with O(a 0 ) operators, not causing destruction in taking a continuum limit.
In the following, the details are presented.
A. Continuum matching
In the continuum, the QCD full theory and HQET are renormalized at a scale µ, which we specify as a matching point. The operator relation of heavy-light quark bilinear J Γ and ∆B = 2 four quark operator O L between the two theories is written as
The one-loop perturbative matching factor for heavylight axial-vector current is [4] C γ0γ5 (µ) = 1 + g 4π
For the four quark operator, the one-loop perturbative matching factors are [28, 29] 
The numerical values of the matching factors at µ = m b are presented in Tab. II.
B. RG running in HQET
To avoid large logarithm of µ/m b , we match the theories at µ = m b in the continuum matching and use RG running to reach a smaller energy scale µ in the HQET side. The running is governed by the RG equation:
where γ's are anomalous dimensions. Solutions of the RG equations (47) and (48) are generally written as:
where
Note that heavy-quark spin symmetry gives constraints on γ's:
which turn into
Each U 's are expressed as
where α s = g 2 /(4π). In the one-loop matching, twoloop calculations of the anomalous dimensions and betafunction are required for obtaining (55)- (58) . The two-loop anomalous dimensions were calculated in Refs. [31, 32] for quark bilinears and in Refs. [29, 33, 34] for the four-quark operators.
Because we include sea quarks only for u, d and s in our simulations (N f = 2 + 1) and our lattice cutoff scale is higher than c quark mass, we employ a two-step RG running to reach a scale µ = a −1 : making running from µ = m b to m c scale using N f = 4 theory and running back to a −1 scale using N f = 3 theory, such as 
The RG-running coefficients are summarized in Tab. II.
C. Static effective theory matching
The matching of the static effective theory between continuum and lattice is carried out at a scale µ = a −1 using one-loop perturbation. In the matching, lattice discretization errors are taken into account up to O(pa) and O(m q a), where p and m q are typical light quark momentum and light quark mass, respectively. To include these discretization errors, higher dimensional operators need to be added in the matching. The operator mixing pattern is constrained by symmetries, typically, chiral symmetry, heavy quark spin symmetry, and discrete symmetries such as P, T and C.
The operator relation for quark bilinear is written as:
is O(a) improved lattice bilinear:
in which
and G is defined by γ 0 Γγ 0 = GΓ. For four-quark operators:
We note that the coefficients for the quark bilinear operator do not depend on Γ, which is a consequence of chiral and heavy quark spin symmetry [30, 35, 36] and this fact holds nonperturbatively. (For the four-quark operators, it is claimed that more higher order operators are required in Eqs. (70) and (71) for the O(a) improvement at higher loop or non-perturbative level [37] .) For the one-loop calculation of coefficients in Eqs. (65), (68) and (69), we use mean-field (MF) improvement to remove huge tad-pole contribution on the lattice perturbation [38] . Measured plaquette value P or u 0 = P 1/4 comes into the matching for the MF improvement.
We employ DWF as light quarks, thus the physical light quark propagator is written as
where w 0 = 1 − M 5 . The physical quark propagator suggests that the quark wave function has a domain-wall specific factor (1 − w 2 0 ) 1/2 and the quark mass should be identified by m q = (1 − w 2 0 )m f , which would appear in the matching coefficients.
The matching coefficients at one-loop level are 
and the renormalized coupling in the continuum MS scheme g MS at scale µ = a −1 is related to the bare lattice coupling g 0 as:
in which d g and c p are dependent on the gluon action and d f is dependent on the fermion action. Note that the continuum matching coefficient for O S is already O(g 2 ), therefore only tree-level static matching coefficient for this operator is needed in the one-loop matching procedure. Nevertheless, we include partly the O(g 2 ) in Eq. (83) to keep the same form of Z w as that for Z L , which does not matter at the one-loop level. The coefficients for this simulation are summarized in Tab. III.
VI. MEASUREMENT AND DATA EXTRACTION
In this section, we present details of measurements on the gluon configurations introduced in Sec. IV.
A. Correlators
In the static limit, energies of states do not depend on their momentum. This fact requires special treatment of correlators, because even in the large separation of source and sink positions in time t, unique ground state cannot be obtained [39, 40] . Especially, the Gaussian source and sink smearing used in this work requires taking into account this feature. In this subsection, we follow discussions in Refs. [39, 40] and explicitly show an extension to any form of source and sink smearing function.
We start with defining our state convention. Static action (30) is invariant under spatial local phase rotation of heavy quark fields:
which leads to Noether's current:
with a conservation law:
indicating time-independent charge (heavy quark number density operator) at each spatial point:
which commutes with the Hamiltonian. We can define B meson states in the PDG notation, B = (bq) andB = (bq), as eigenstates of N h ( x),
where "L" indicates states in the static limit with finite spatial size L. Using these, B meson states with spacial momentum p are defined as
where momentum p takes discrete values:
This state convention gives a normalization
which leads to a relation between finite and infinite volume momentum eigenstates
so that infinite volume static states |B( p) give a conventional normalization (99). Thus what we need to calculate in the finite volume are
where A 0 ( x, t) and O 4q ( x, t) are local heavy-light axialvector current (in time direction) and four-quark operators defined in Eqs. (26), (27) and (28) . The statement mentioned earlier in this subsection that the B meson energy does not depend on its momentum is understandable as the B meson states defined in Eq. (93) are also energy eigenstates, where the energy does not depend on spatial coordinates due to translational invariance of the system, and the energy, as a consequence, is independent of momentum by Eq. (95). This property requires unfamiliar treatment on correlators. A typical example is an operator which includes spatially smeared quark field:
where f ( y) and g( z) are smearing functions, such as Gaussian and wall-type. Consider B meson decay amplitude with the smeared operator and take a large t limit:
where E 0 represents an energy of B meson ground state. Thus we cannot obtain unique zero-momentum state even in the large t limit, because B meson energy does not depend on spatial momentum p any more. This fact causes unusual derivation of matrix elements. Let us demonstrate it here. We consider three-point function with smeared quark fields
Using completeness of states: (105) the three-point function becomes
and we used
following Eq. (95). As seen in Eq. (106), we inevitably have to use C SS (t, 0), in which sink position is not spatially volume summed, which results in large statistical noise. The matrix element M B is then obtained as:
To obtain zero-momentum state in two-point functions, we have to use a projection by spatial volume summation of sink operator. What we need to measure for Φ B are two-point correlation functions:
in which sink operators are volume summed to project into the zero-momentum state, otherwise we cannot obtain the unique state by just taking the large t limit. By inserting completeness of states (105), these two point correlation functions in t ≫ 0 can be easily written as
Φ B is then obtained through
in which noisy correlator C SS (t, 0) is not needed in contrast to M B . In the actual simulation, we use O(a) improved operators to remove O(a) lattice artifact, as indicated in Eqs. (66), (70) and (71) in Sec. V.
B. Source and sink smearing
In an attempt to obtain a better overlap with ground state, we use gauge-invariant Gaussian smearing for source and sink operators. We follow the smearing procedure in Refs. [41, 42] . We choose a Gaussian function with width ω as a smearing function in Eq. (102) for both static and light quarks:
To achieve this smearing in gauge-invariant way, we use an implementation:
with the hopping matrix
where N G is the number of times the smearing kernel acts on fermion field ψ( x, t), which leads Gaussian function (116) in N G → ∞ limit. The choice of parameters ω and N G is summarized in Tab. IV, which gives physical Gaussian width around 0.45 fm.
C. Measurement parameters
Measurement parameters are summarized in Tab. IV. The valence d quark mass parameter is the same as the degenerate sea u and d quark's. To interpolate to a physical s quark mass, we take two values of s valence quark mass parameters sandwiching the physical point and one of them is set to be the same as sea s quark's. The physical s quark mass is slightly different from the sea s quark mass, so we estimate the uncertainty from this inconsistency by using the partially quenched SU(3) chiral perturbation theory as we describe later.
D. Autocorrelations
The autocorrelation time of the ensemble is investigated using the integrated autocorrelation time for both static heavy-light two-point and three-point functions. The integrated autocorrelation time of two-point functions is measured at t = 12 for CL S (t, 0) and CS S (t, 0), but at t = 15 for C SS (t, 0) in both 24c and 32c ensemble. We measure it at mid-point between source and sink location for three-point functions. Based on this analysis, we choose to make blocking, so that the blocking size is 80 MD trajectories for 32c1 ensemble (lightest quark mass parameter), whereas 40 MD trajectories for other ensembles. Note that in the study of light hadron spectrum on these ensembles, the blocking size was 20 MD trajectories [26] . In figures in Appendix A, we show effective masses of two-point functions and amplitudes of three-point functions. We perform simultaneous fits of three types of two-point correlators CL S (t, 0), CS S (t, 0) and C SS (t, 0), assuming E 0 is common in these correlators. To take into account the periodicity in the lattice box, a cosh function is assumed in the fit:
For the three-point correlators C SS L (t f , t, 0) and C SS S (t f , t, 0), constant fits are made:
Fit ranges are shown in the effective mass and amplitude plots in Appendix A and the fit results are presented in Tabs. V and VI. For some quark mass parameters, χ 2 /d.o.f. exceeds 2. We, however, keep fit ranges unaltered throughout all quark mass parameters, to avoid human bias. Then our correlator fit results have non-negligible fit-range dependence. As we will explain in Sec. VIII I, the fit-range dependence are taken into account as an uncertainty of our calculation. Tab. VII. The statistical error at each simulation point is less than 2% for decay constants while sometimes reaching 5% for matrix elements and B-parameters.
VII. CHIRAL EXTRAPOLATION A. NLO SU(2)HMχPT formula
Physical quantities at simulated light (u and d) quark mass points are extrapolated to physical degenerate light quark value. In this work, we use next-to-leading order SU(2) heavy-light meson chiral perturbation theory (NLO SU(2)HMχPT) depicted in Ref. [40] . (See also Ref. [43] for SU(2)χPT.) In SU(2)χPT, s quark is integrated out of the theory; effects from s quark are included in low-energy constants (LEC's). The SU(2)χPT formula is obtained from SU(3)χPT assuming u and d quark masses are much smaller than s quark mass. The formula does not depend on s quark mass in an explicit way. The convergence of the chiral fit is improved by using the SU(2)χPT as long as u and d quark masses are sufficiently small [43] . In Ref. [43] , it is argued that the RBC/UKQCD DWF ensemble does not show convergence of NLO SU(2)χPT above the pion mass of 420 MeV for the light hadron masses and decay constants. The ensembles we use in this work stay below that border.
The NLO SU(2)χPT formula for B d and B s quantity (Q B d and Q Bs , respectively) with unitary d quark is generally written as
where X Q , Y Q and Z Q are constants specific to each physical quantity, given in Tab. VIII.
Qs and C (s)
Qa are LEC's. Note that these LEC's are specific to the SU(2)χPT, in which the effects of s quark are integrated out at a physical s quark mass m phys h . The s quark mass dependence needs to be included, unless the s quark mass has a physical value. It can be implemented by Taylor expansion of LEC's around the physical s quark mass as shown in Eqs. (124) and (125). In this work, we use two kinds of link smearing in the static quark action. Only coefficients in front of a 2 are dependent on the smearing. We here mention that because the B-parameters express how the VSA holds well, its quark mass dependence is expected to be mild. In fact, the logarithm in the χPT formula for B B is suppressed for g B * Bπ = 0.449 [44] used in this study, which leads to smaller coefficient of the logarithm term compared to that of the decay constant and matrix element. For the SU(3) breaking ratios, the expression up to NLO becomes Note that these expressions do not give unity even at m l = m s point, because SU(3) flavor symmetry is lost, and SU(2)χPT formula can be applied only for the region of m l ≪ m s .
B. Details of the chiral fitting
For the chiral fit, we use the values of f SU(2) and B
SU(2) 0
from Ref. [26] , of g
SU(2)
B * Bπ from Ref. [44] , which are summarized in Tab. IX.
We carry out combined fits using HYP1 and HYP2 link smearing data assuming that terms unrelated to the lattice spacing are common among the smearings. Their correlation is taken into account. As mentioned in the previous subsection, we introduce s quark mass dependence up to linear term. To fully track the sea s quark dependence, however, at least three independent data in the (m h , a) parameter space are required. Our simulation setting has only one sea s quark mass parameter for each lattice spacings and the parameter is not tuned to be physical one, therefore the data cannot be fitted using the formula (124), (125) and (131). Nevertheless, we use those formula assuming sea s quark mass parameter is on physical point, leading to sea s quark terms being vanished. Later on we estimate the uncertainty from this inconsistency using partially quenched SU (3)χPT. On the other hand, we have two valence s quark mass data. In 
LEC's NLO SU(2)χPT NLO SU(2)χPT(FV) B
SU (2) 0 [GeV] [26] 4.12 (7) 4.03
B * Bπ [44] 0.449 (47)stat (19)sys Λχ [GeV] 1.0 our analysis we first interpolate the data to physical s quark mass point using the two valence data, then the fit functions are applied setting m s = m phys h . In order to take into account ambiguity of the chiral fit function ansatz, we also use a linear fit function form:
for B d quantities and SU(3) braking ratios, which has the same form as that for B s sector in SU(2)χPT framework.
We also investigate the uncertainty from chiral fits by eliminating the heaviest quark mass data in both of 24c and 32c ensembles.
C. Scaling check and O(a) improvement
We present fit results using SU(2)χPT formula in Tab. X. We also show chiral fit using the SU(2)χPT formula in Figs. 1 and 2 , in which both O(a)-unimproved and -improved results are presented. The features of the data are as follows:
• The data shows HYP1 smearing gives larger scaling violations than HYP2.
• HYP1 and HYP2 results are almost consistent with each other in the continuum limit. This consistency is seen even in the O(a)-unimproved case within large statistical errors. While the O(a)-improved data shows slightly better consistency than unimproved one, we cannot see clear effectiveness of the O(a)-improvement at current statistics.
• The O(a)-improvement slightly pushes data up for decay constants and matrix elements at each simulation point. (64) • Being a ratio, the scaling violation for ξ and f Bs /f B is tiny. HYP1 and HYP2, O(a)-improved and unimproved results are consistent at each simulation points.
When O(a)-improvement is successfully accomplished and a 2 scaling is used in the continuum extrapolation (assuming O(α 2 s a) and O(a 3 ) contributions are small), HYP1 and HYP2 results must give the same value in the continuum limit, and our data is actually consistent with this observation. Therefore we use combined fit of HYP1 and HYP2 assuming chiral fit parameter for each smearing is different only for the coefficients of a 2 term.
D. Fit results and criteria for final results
We present chiral fit results in Figs. 3, 4 and 5. Correlations between two kinds of link smearing in the static action is included in the fitting. χ 2 /d.o.f.'s and p-values in the fits are presented in the figures. χ 2 /d.o.f. in each fit are all acceptable level, thus it is hard to exclude any of the fit at the ansatz. We thus take following criteria for the chiral and continuum extrapolations:
• For B d quantities and SU(3) breaking ratios, an average of results from SU(2)χPT and linear fit is taken. We then take half of the full difference between the SU(2)χPT and the linear results as an uncertainty from chiral fit function ansatz.
• For B s quantities, SU(2)χPT fit (linear fit) results are taken as central values. We take difference between the full data and cut data, where heaviest quark mass points are removed, as a chiral fit ambiguity.
Combining with the ratio of the decay constants, ξ can be obtained through Eq. (20) . While the ratio of the B-parameters is well determined, current data for the decay constants has a large uncertainty from chiral extrapolation, which also leads to a poor determination of ξ from Eq. (20) , not giving any gain. We hence simply use Eq. (3) to calculate ξ in this work.
E. Finite volume effect
Our lattice has modest physical volume around 2.75 fm and the lowest m π L is about 4, thus we may estimate finite volume (FV) uncertainty using FV NLOχPT. The FV correction can be included in the χPT formula by replacing chiral logarithms (126) with [45, 46] ℓ(m
where K 1 is modified Bessel functions of the 2nd kind. For the numerical implementation of Eq. (134), we use the multiplicities depicted in Refs. [43, 45] . With SU(2)χPT for the chiral extrapolation, we cannot evaluate the FV effect for B s sector in this procedure. The effect is, however, expected to be quite small in this sector, we estimate this uncertainty is negligible. In the simulated quark mass region, the FV correction slightly pushs the data up for B d quantities, and hence down for the SU(3) breaking ratios, f Bs /f B and ξ.
VIII. SYSTEMATIC ERRORS
In this section we clarify the systematic errors we take into account. A summary of the systematic errors is shown in Tab. XII and also in Fig. 6 .
A. Chiral extrapolation
As described in Sec. VII, we use SU(2)χPT formula for the chiral and continuum extrapolations. The linear fit function ansatz cannot be excluded in the current statistics, thus we take their average. The method to estimate the associated systematic errors has been described in detail in Sec.VII. 
B. gB * Bπ
In the chiral fit, we use g B * Bπ = 0.449(47) (19) , where the first uncertainty is statistical and the second is systematic [44] . This value was obtained using the 2 + 1 flavor dynamical DWF configurations, which is the same as that we use in this simulation. The systematic errors are fully evaluated in Ref. [44] , thus we quote this value as a reliable one. We use 0.449 as a central value and change it by ±0.051 in the chiral fit for the uncertainty of this coupling.
C. Discretization
The static heavy and light quark system has O(a) lattice discretization errors even if chiral fermions are employed for the light quarks, in which case the O(a) discretization errors start with O(α s a). In this simulation, O(a)-improvement is made using one-loop perturbation theory [30] . Thus, the remaining O(a) lattice artifact is supposed to be O(α 
D. Renormalization
In this work, renormalization is carried out in one-loop perturbation framework. We here use power counting for the estimation of higher order uncertainty of the perturbation. We use two-step matching procedure; first, QCD full theory and HQET are matched in the continuum at a scale µ = m b , second, continuum and lattice HQET are matched at a scale µ = a −1 . Values of α s in these matchings are presented in Tab. XIII. Assuming coefficients of the power expansion to be one, the counting estimation shows two-loop uncertainty of 5.1% in the first matching and of 3.1% in the second. We add them in quadrature leading to 6%. For the ratio of decay constants, the renormalization factor is completely canceled out, thus the perturbation ambiguity is negligible. For ξ, however, non-vanishing contribution Z 2 /Z 1 remains in the ratio, which causes an uncertainty. Nevertheless, because this uncertainty is suppressed by a factor of (m s − m l )/Λ QCD ∼ 0.2, the one-loop ambiguity is reduced to 1.2%. We note that one-loop perturbation ambiguity exists also in the O(a) improvement coefficients, which is counted as the discretization error as discussed the previous subsection.
E. Scale
As shown in Tab. I, lattice scales used in this study have 1% level uncertainty. We investigate systematic error from this by varying the value of lattice spacing within the uncertainty. While matching factors and O(a) improved coefficients need to be implicitly varied for this search, the effect is negligible. Thus we take into account the error only when the lattice units are converted into physical units and chiral/continuum extrapolations are carried out.
F. Light quark mass
Light quark masses at physical point also have 3% level uncertainty as seen in Tab. IV. It affects values of physical observables. We check the effects by varying the physical quark mass values within the uncertainty.
G. Off physical sea s quark mass
Our gluon ensemble has only one dynamical s quark mass parameter, which is slightly off from the physical s quark mass. In spite of this, we use SU(2)χPT fit functions assuming the sea s quark is on physical mass. The uncertainty from this inconsistency must be investigated. To deal with it, we make an estimation using SU(3)χPT as a model. We use partially quenched SU(3)HMχPT [47, 48] , whose explicit formula are also presented in Ref. [40] . The ambiguity from off-physical s quark mass effect is investigated by taking the difference between correct treatment of our simulation setup and fake treatment where the s quark mass is assumed to be on physical point.
H. Finite volume
FV effect is estimated using FVχPT as mentioned in Sec. VII. Uncertainty from FV effect is estimated from the difference between SU(2)χPT and FV SU(2)χPT. The effect for B s quantities is expected to be significantly small, thus is neglected in our analysis.
I. Fit-range dependence
As mentioned in Sec. VI E, our correlator fit results have non-negligible fit-range dependence. Although this uncertainty is rather statistical than systematic, we count it as a systematic error here. To take into account the uncertainty of the fit range choices, we shift the minimal value of t in the fit range toward larger value by 2 for two-point functions and shorten the range by 2 for three-point functions. When physical quantities at each quark mass parameter move beyond 1σ statistical error, we investigate the effect of the fit range shift for the final physical quantities and we add each move in quadrature to obtain the uncertainty. 
[ 
We here present the constraint on a ratio of CKM matrix element (2) obtained through Eq. (12):
where statistical and systematic errors including O(1/m b ) uncertainty are all added in quadrature. Since we use static approximation for b quark, there exists O(Λ QCD /m b ) uncertainty for the physical quantities. Here, we take PDG value of b quark mass in MS scheme m b = 4.18(03) GeV [15] and assume Λ QCD = 0.5 GeV. The uncertainty from static approximation becomes 12%. For the SU(3) breaking ratios, however, there would be suppression factor coming from SU(3) light flavor symmetry, which leads:
We show comparison with other works for our obtained quantities in Figs. 7, 8 and 9 . (See also Review of lattice results by Flavor Lattice Averaging Group (FLAG) [49] .) Our results have ∼ 10% larger value for decay constants f B and f Bs from other works at physical b quark mass point, which would be plausibly understood by the static approximation ambiguity. The ETM Collaboration's results at the static limit in Ref. [50] also shows this tendency. However, ALPHA Collaboration's results on f B and f Bs in the static limit indicate much smaller deviation from those at physical b quark mass point [12] . We cannot conclude the reason of this difference from us, because our current uncertainty is still large. On the other hand, there is no clear difference from the physical b quark point in f B B B , f Bs B Bs ,B B andB Bs , because of the large error. For the SU(3) breaking ratios, significant deviation from others is not seen, since the static approximation uncertainty is largely reduced by SU(3) light flavor symmetry factor as described in Eq. (154).
Finally, it would be interesting to see a correspondence between ξ and f Bs /f B . In this study we obtained the difference:
where correlation between ξ and f Bs /f B is omitted. As mentioned in Sec. III A, naive factorization suggests ξ is close to f Bs /f B , and our result supports this observation in the static limit of b quark. In Fig. 10 we show ∆ in other works together with our results. No discrepancy between ξ and f Bs /f B beyond 1σ error has yet been seen.
C. Further improvements for next step
Although the obtained results in this work is encouraging, there exist limitations due to insufficient statistics and various systematic errors. As the current error budget is digested in Fig. 6 , dominant uncertainties are statistical error, chiral extrapolation and uncertainty from renormalization. To overcome the current situation, possible options are following.
All-Mode-Averaging (AMA): Currently, our results have large statistical error and chiral extrapolation is suffering from the lack of statistics. Gluon link smearings in the static action help to improve signal Comparison of fB, fB s and fB s /fB with other works. The data is cited from Refs. [50] (ETM '11), [12] (ALPHA '14), [51] (HPQCD '13), [52] (ETM '13A), [53, 54] (HPQCD '12A, HPQCD '12B), [55] (FNAL/MILC '11), [56] (RBC/UKQCD '14) and [14] (ETM '13B). The values of fB and fB s in ETM '11 are obtained from ΦB and ΦB s divided by √ mB and √ mB s , respectively. Errors for the static limit results do not contain 1/m b uncertainty.
qualities to some extent, the statistical error is, however, not enough small. All-mode-averaging (AMA) technique [60] provides a substantial computational cost reduction, which leads to the improved statistics. In the AMA, a bunch of source points are put to increase statistics keeping computational cost small by using a CG with relaxed convergence conditions.
Physical light quark mass point simulation:
The lightest pion mass in this paper is ∼ 290 [MeV], which leaves large uncertainty from the chiral extrapolation. This error would be significantly reduced by the physical point simulation, where the simulated pion mass is ∼ 135 [MeV]. The 2 + 1 flavor dynamical ensembles are being generated by RBC/UKQCD Collaborations using Möbius DWF [61] , keeping almost the same lattice spacings as those in this work, but with doubled physical volume [62] . It would increase computational cost by a large amount, hence the AMA technique mentioned above is crucial.
Non-perturbative renormalization: While oneloop renormalization uncertainty is 0% or quite small for SU(3) braking ratios, it is estimated to be, at the most, 6% for non-ratio quantities. Non-perturbative renormalization is, hence, required for the non-ratio quantities to reduce the large uncertainty. The renormalization would be accomplished by RI/MOM scheme [63, 64] , in which an additional renormalization condition is required to manage the 1/a power divergence.
These programs are non-trivial but promising directions. Part of them are currently on-going [65] and we plan to present more definite results on this project in near future. 
